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P. Erdös, R.J. Faudree, C.C. Rousseau and R.H. Schelp [P. Erdös, R.J. Faudree, C.C. Rousseau,
R.H. Schelp, The size Ramsey number, Period. Math. Hungar. 9 (1978) 145–161] studied the
asymptotic behaviour of rˆ(G,H) for certain graphs G,H. In this paper there will be given
a lower bound for the diagonal size Ramsey number of Kn,n,n. The result is a generalization
of a theorem for Kn,n given by P. Erdös and C.C. Rousseau [P. Erdös, C.C. Rousseau, The size
Ramsey numbers of a complete bipartite graph, Discrete Math. 113 (1993) 259–262].
Moreover, an open question for bounds for size Ramsey number of each n-regular graph
of order n+ t for t > n− 1 is posed.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let F ,G,H be simple graphs with at least two vertices. The Ramsey number r(G,H) is the smallest integer n such that in
an arbitrary 2-colouring (say red and blue) of Kn a red copy of G or a blue copy of H is contained (as subgraphs). If G ∼= H we
write r(G) instead of r(G,G).
There will be defined the size Ramsey number for a pair of graphs. The number of vertices and edges of a graph F will
be denoted by p(F) and q(F) respectively. We will be using a symbol F → (G,H) to express the fact that every 2-colouring
(say red and blue) of the edges of F produces a red G or a blue H .
Erdös, Faudree, Rousseau and Schelp [6] defined the size Ramsey number as follows:
rˆ(G,H) = min{q(F) : F → (G,H)}.
From the definitions, we know that rˆ(G,H) ≤
(
r(G,H)
2
)
.
A list of results concerning size Ramsey numbers can be found in [1–4,6,5,7–12].
In this paper a lower bound for the diagonal size Ramsey number of Kn,n,n is presented. The result is a generalization of
a theorem for Kn,n given by Erdös and Rousseau [5].
Moreover, an open question for bounds for the size Ramsey numbers of each n-regular graph of order n+ t for t > n− 1
is posed.
The probabilistic method discovered by Erdös is used to prove the result.
2. Size Ramsey numbers for complete 3-partite graphs
Let N(s,G) be the maximum number of subgraphs of H isomorphic to G over all graphs H with s edges. By the result of
Alon (see Theorem 4 in [13]) we get the following asymptotic result: N(s, Kn,n,n) = 23n/2|Aut(Kn,n,n)| s3n/2 + O(s(3n−1)/2), where
Aut(Kn,n,n) is the group of automorphisms of Kn,n,n.
We will be using the method discovered by Erdös [5] to show the upper bound for N(s, Kn,n,n) presented below.
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Lemma 2.1. Let n ≥ 2. A graph with s edges contains less than
√
2(2s)3/4e2/(3n)
2n1/2
(
e3
√
2s(2s− (2n)2)
n3
)n
subgraphs isomorphic to Kn,n,n.
Proof. Let G ∼= Kn,n,n and let H be a graph with s edges. Set
m =
⌈
q(G)
2
· ln
(
3s
2q(G)
)1−1/(2n)⌉
(1)
and
dk = 2nek/q(G), k = 0, 1, . . . ,m. (2)
Let a = √2s(2n/√2s)1/(2n). Note that by (1) and (2) we get d0 = 2n, a ≤ dm ≤ ae1/q(G) and dk+1 = dke1/q(G) (k =
0, 1, . . . ,m− 1).
Let {V0, V1, . . . , Vm} be the partition of V (H) such that
Vk = {x ∈ V (H) : dk ≤ deg(x) < dk+1}, k = 0, 1, . . . ,m− 1,
and
Vm = {x ∈ V (H) : deg(x) ≥ dm}.
Let
Wk =
m⋃
j=k
Vj, k = 0, 1, . . . ,m.
Evidently each vertex ofWk has degree at least dk. Therefore
|Wk| ≤ 2sdk . (3)
We say that a subgraph F of the graph H is of type k in H if V (F)∩ Vk 6= Ø and V (F)∩ Vj = Ø for j < k, where k is an integer,
0 ≤ k ≤ m.
Let Tk be the number of type k copies of G in H and let T =∑mk=0 Tk denote the total number of copies of G. Note that in
a type k copy of G at least one vertex, say x, belongs to Vk and every vertex belongs toWk. Thus all neighbours of x in this
copy belong to an 2n-element subset Y of the neighbourhood of x inWk. Moreover all other n− 1 vertices of G belong to an
(n − 1)-element subset ofWk − Y − {x}. Since the neighbourhood of x in G is Kn,n then we get at most
(
2n
n
)
/2 subgraphs
isomorphic to Kn,n in the graph induced by the set Y . This implies that
Tk ≤ 12 |Vk|
(
dk+1
2n
)(
2n
n
)( | Wk | −2n
n
)
(4)
for k = 0, 1, . . . ,m− 1.
Similarly, since every vertex of a typem subgraph must belong to Vm, we get
Tm ≤ 12
( |Vm|
2n
)( |Vm| − 2n
n
)(
2n
n
)
. (5)
We make use of the elementary equality( r
m
) (m
t
)
=
( r
t
)( r − t
m− t
)
(6)
and the inequality(
N
n
)
≤ N
n
n! <
(
eN
n
)n
. (7)
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From (4), (6), (7) and (1)–(3) we get
Tk ≤ 12 |Vk|
(
edk+1
n
)2n ( 2se
ndk
)n (
1− 2ndk
2s
)n
<
1
2
|Vk|
(
e1/q(G)e3dm2s
n3
)n (
1− (2n)
2
2s
)n
<
1
2
|Vk|
(
e3dm(2s− (2n)2)
n3
)n
e1/(3n).
So
Tk <
1
2
|Vk|
(
e3
√
2s (2s− (2n)2)
n3
)n
e
2
3n
(
2n√
2s
) 1
2
. (8)
Similarly, since |Vm| = |Wm| ≤ sn
(√
2q(G)/(3s)
)1−1/(2n) = (√2s2n )1/(2n) √2s, we get by (5)–(7)
Tm ≤ 12
√
2(2s)3/4
2n3/2
(
e3
√
2s(2s− (2n)2)
n3
)n
. (9)
Finally, by (8) and (9) we have the total number of copies of G in H ,
T =
m∑
k=0
Tk < Tm + 12
(
e3
√
2s(2s− (2n)2)
n3
)n (
2n√
2s
) 1
2
e
2
3n
m−1∑
k=0
|Vk|
≤ Tm + 12 | W0 |
(
e3
√
2s(2s− (2n)2)
n3
)n (
2n√
2s
) 1
2
e
2
3n . (10)
Since
∑m−1
k=0 |Vk| ≤ |W0| ≤ sn we get
T <
√
2(2s)3/4e2/(3n)
2n1/2
(
e3
√
2s(2s− (2n)2)
n3
)n
. (11)
The proof is done. 
Gorgol [7] published the result that rˆ(Kn,n,n) > 16n
223n/2. We improve this result, namely we show the following lower
bound for rˆ(Kn,n,n).
Theorem 2.2. Let n ≥ 2 and c = n− 46n+3 2−2+ 16n+3 e−2+ 1n− 1718n2+9n . Then
rˆ(Kn,n,n) > cn222n.
Proof. Let H be an arbitrary graph of size s, where
s ≤ cn222n.
Let us consider a random red–blue edge colouring of H in which each edge is red with probability 1/2 and colorings of
distinct edges are independent. Using Lemma 2.1, we estimate the probability P that such a random colouring yields a
monochromatic copy of G. Then
P < 2
√
2(2s)3/4e2/(3n)
2n1/2
(
e3
√
2s(2s− (2n)2)
n3
)n
2−3n
2
<
21/(2n)e 9n2+23n2 (2s) 6n+34n
n3n1/(2n)23n
n ≤ 1
for each n > 1. This completes the proof. 
3. Upper bounds for size Ramsey numbers for some graphs with bounded degree
Rödl and Szemerédi [12] posed the following conjecture.
Conjecture (Rödl and Szemerédi [12]). Let rˆ(n,∆) = max{rˆ(G) : G, with p(G) = n,∆(G) = ∆}. For any∆ ≥ 3 there exists
 > 0 such that n1+ ≤ rˆ(n,∆) ≤ n2− .
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We show that the above formulation of the conjecture has an omission1for all graphs G with ∆(G) > 7. Erdös and
Rousseau [5] proved that rˆ(K∆,∆) > 1/60 ∆2 2∆. Suppose that (2∆)2− > rˆ(K∆,∆) > 1/60 ∆2 2∆. Then  < ln(60/2
∆−2)
ln(2∆) .
Obviously,  < 0 for∆ > 7.
Problem. Let for positive integers n, t , Gn,t be the family of n-regular graphs of order n + t. Find good bounds for the size
Ramsey number of graphs from the family Gn,t , where t > n− 1.
Acknowledgments
I thank the anonymous referees for helpful remarks and comments.
References
[1] N. Alon, On the number of subgraphs of prescribed type of graphs with a given number of edges, Israel J. Math. (38) (1–2) 116–130.
[2] J. Beck, On size Ramsey numbers of paths, trees and circuits I, J. Graph Theory 7 (1983) 115–129.
[3] J. Beck, On size Ramsey numbers of paths, trees and circuits II, in: J. Nesetril, V. Rödl (Eds.) Mathematics of Ramsey Theory, Springer-Verlag, Berlin,
pp. 34–45.
[4] H. Bielak, Remarks on the size Ramsey numbers of graphs, Period. Math. Hungar. 18 (1) (1987) 27–38.
[5] B. Bollobas, Random Graphs, Academic Press, London, 1985.
[6] P. Erdös, C.C. Rousseau, The size Ramsey numbers of a complete bipartite graph, Discrete Math. 113 (1993) 259–262.
[7] P. Erdös, R.J. Faudree, C.C. Rousseau, R.H. Schelp, The size Ramsey number, Period. Math. Hungar. 9 (1978) 145–161.
[8] I. Gorgol, On bounds for size Ramsey numbers of a complete tripartite graph, Discrete Math. 164 (1997) 149–153.
[9] R. Graham, B. Rothshild, J. Spencer, Ramsey Theory, Wiley/Interscience, New York, 1980.
[10] P.E. Haxell, Y. Kohayakawa, The size -Ramsey numbers of trees, Israel J. Math. 89 (1995) 261–274.
[11] X. Ke, The size Ramsey numbers of trees with bounded degree, Random Structures Algorithms 4 (1993) 85–97.
[12] O. Pikhurko, Size Ramsey numbers of stars versus 3-chromatic graphs, Combinatorica 21 (3) (2001) 403–412.
[13] V. Rödl, E. Szemerédi, On size Ramsey numbers of graphs with bounded degree, Combinatorica 20 (2) (2000) 257–262.
1 One of the anonymous referees suggested that n is sufficiently large, depending on∆ and .
